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Star products on graded manifolds and
α′-corrections to double field theory
Andreas Deser
Abstract. Originally proposed as an O(d, d)-invariant formulation of
classical closed string theory, double field theory (DFT) offers a rich
source of mathematical structures. Most prominently, its gauge alge-
bra is determined by the so-called C-bracket, a generalization of the
Courant bracket of generalized geometry, in the sense that it reduces
to the latter by restricting the theory to solutions of a “strong con-
straint”. Recently, infinitesimal deformations of these structures in the
string sigma model coupling α′ were found. In this short contribution,
we review constructing the Drinfel’d double of a Lie bialgebroid and of-
fer how this can be applied to reproduce the C-bracket of DFT in terms
of Poisson brackets. As a consequence, we are able to explain the α′-
deformations via a graded version of the Moyal-Weyl product in a class
of examples. We conclude with comments on the relation between B-
and β-transformations in generalized geometry and the Atiyah algebra
on the Drinfel’d double.
Keywords. Double field theory, graded manifold, Lie bialgebroid, defor-
mation quantization.
1. Introduction: Brackets and deformations in DFT
Due to the extended nature of closed strings moving in a background, the field
theory describing its classical dynamics is different from that of a point par-
ticle. In particular, the string can “wind” around compact cycles of the back-
ground manifold. This gives rise to two sets of parameters (or zero modes)
characterizing the solutions to the classical equations of motion. One of them
is associated to the center of mass momentum pi of the closed string and the
corresponding configuration space coordinates xi span the phase space of the
center of mass treated as a point particle. The second set p˜i is associated
to the winding and gives rise to a second set of coordinates x˜i. DFT is a
field theory on this “doubled configuration space” which can be reduced to
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ordinary configuration space by using the strong constraint
∂iφ(x, x˜) ∂˜
iψ(x, x˜) + ∂˜iφ(x, x˜) ∂iψ(x, x˜) = 0, (1.1)
for functions φ, ψ on the doubled configuration space. This constraint has its
origin in the level matching condition for physical fields in string theory and
restores the right amount of coordinates of a physical configuration space. We
refer to the reader especially to [2] and the lecture notes [1] for an introduction
to DFT.
1.1. C-bracket and bilinear form
In [3, 4], a Lagrangian action for DFT was formulated and gauge symmetries
were identified. Due to a lack of space, we only present results that are impor-
tant for the rest of the presentation. To state the gauge symmetries, we use
notation conventions of generalized geometry. On a d-dimensional manifold
M , generalized vector fields V are locally given by sections of TM ⊕ T ∗M ,
i.e. V = V i∂i + Vidx
i. To state local expressions in DFT, the components
are allowed to depend on the doubled configuration space with coordinates
(xi, x˜i). Furthermore one uses a capital index to denote objects transforming
in the fundamental representation of O(d, d), i.e. VM = (V i(x, x˜), Vi(x, x˜)),
where A ∈ O(d, d) obeys
AηAt = η , η =
(
0 id
id 0
)
, (1.2)
and id is the d-dimensional identity matrix. We will denote the bilinear form
represented by η by 〈·, ·〉. Capital indices are raised and lowered by the latter,
so for generalized vectors V,W we have
〈V,W 〉 = V PWQηPQ = V
iWi + ViW
i . (1.3)
The gauge symmetries of DFT are given by the action of a generalized Lie
derivative, acting on functions φ by1 LV φ = V
K∂Kφ and generalized vectors
W according to
(LVW )K = V
P∂PWK + (∂KV
P − ∂PVK)WP ,
(LVW )
K = V P∂PW
K − (∂PV
K − ∂KVP )W
P .
(1.4)
Finally, the commutator of two generalized Lie derivative gives the general-
ized Lie derivative with respect to the C-bracket of two generalized vectors,
which is given in components by(
[V,W ]C
)P
= V K∂KW
P −WK∂KV
P −
1
2
(
V K∂PWK −W
K∂PVK
)
.
(1.5)
Note that for the specific solution ∂˜i = 0, this bracket reduces to the well-
known Courant bracket of generalized geometry. In the following subsection,
1We use the notation ∂M for the pair (∂i, ∂˜
i), so expressions like VM∂M are expanded as
V i∂i + Vi∂˜i.
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we will present a deformation of the bilinear form η and the C-bracket found
in double field theory.
1.2. α′-deformations
Classical closed string theory is described by a two-dimensional sigma model.
Perturbative expansions are formal power series in the coupling constant
α′ = l2s , where ls is the fundamental string length. Recently, corrections
to the bilinear form and C-bracket up to first order in α′ were given in
[5, 6]. For the correction of the bilinear form, we introduce the notation
〈V,W 〉α′ := 〈V,W 〉 − α
′〈〈V,W 〉〉, where the component expression for the
correction is
〈〈V,W 〉〉 = ∂PV
Q∂QW
P . (1.6)
Similarly, for the correction to the C-bracket, we introduce the short notation
[V,W ]α′ := [V,W ]C − α
′[[V,W ]], where the correction is given by
[[V,W ]]K =
1
2
(
∂K∂QV
P∂PW
Q − V ↔W
)
. (1.7)
Note that this expression has a form part and a vector part. As an example,
we expand the vector part in terms of partial derivatives:
[[V,W ]]i =
1
2
(
∂i∂mV
n∂nW
m + ∂i∂mVn∂˜
nWm + ∂i∂˜
mV n∂nWm
+ ∂i∂˜
mVn∂˜
nWm − V ↔W
)
.
(1.8)
The goal of this work is to get a systematic explanation of the derivative
expansions (1.6) and (1.8). In the following section, we are going to set up
a mathematical formalism to rewrite the bilinear form and the C-bracket in
terms of Poisson brackets. This will allow us finally to identify the deforma-
tion using a Moyal-Weyl star product on a specific symplectic supermanifold.
2. Lie bialgebroids and double fields
For finite dimensional vector spaces V , it is a standard exercise to show the
isomorphism between the exterior algebra and the algebra of polynomials in
the parity reversed version ΠV :
∧•V∗ ≃ Pol•(ΠV) . (2.1)
For a finite dimensional Z2-graded vector space W =W0⊕W1, parity rever-
sion Π acts according to (ΠW)0 =W1 and (ΠW)1 =W0. In (2.1), elements of
V have degree 0 and elements of ΠV have degree 1. In the case of vector bun-
dles, differentials are derivations of the exterior algebra, which get mapped
to derivations on functions, i.e. vector fields. Squaring to zero means that the
vector fields are actually homological. These statements are summarized by
the structure of a Lie algebroid:
Definition 2.1. A Lie algebroid is a vector bundle A → M together with a
homological vector field dA of degree 1 on the supermanifold ΠA.
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A pair (A,A∗) of a Lie algebroid and its linear dual has the structure of
a Lie bialgebroid if the differentials respect the brackets on the dual spaces.
This will be the basic structure used in the following sections.
2.1. Lie bialgebroids and the Drinfel’d double
Let (A,A∗) be a pair of dual Lie algebroids over a manifold M . The homo-
logical vector field dA can be lifted to a function on the cotangent bundle
T ∗ΠA
p
→ ΠA. Similarly, the corresponding operator dA∗ for the dual can be
lifted to T ∗ΠA∗
p¯
→ ΠA∗. Similarly to the case of standard phase spaces, there
is a Legendre transform L : T ∗ΠA→ T ∗ΠA∗, which can be used to pull back
functions. Thus we have the situation
T ∗ΠA
L
→ T ∗ΠA∗
↓ p ↓ p¯
ΠA ΠA∗
(2.2)
For local formulas we use coordinates (xi, ξa) on ΠA, where xi are coordinates
on the base manifold and ξa denote the (Grassmann odd) fibre coordinates.
On its cotangent bundle, we have in addition the canonical conjugate mo-
menta, i.e. (xi, ξa, x∗i , ξ
∗
a). As in the purely even case, there is a canonical
Poisson bracket on T ∗ΠA, given by the relations
{xi, x∗j} = δ
i
j , {ξ
a, ξ∗b } = δ
a
b . (2.3)
Using this Poisson structure and the “lifted” vector field
θ := hdA + L
∗hdA∗ , (2.4)
it is possible to write down the following concise characterization of (A,A∗)
being a Lie bialgebroid:
Theorem 2.2. The pair (A,A∗) is a Lie bialgebroid if and only if {θ, θ} = 0 .
We refer to [7] for a proof and further details on the mathematical
structures introduced in the present work. Theorem 2.2 is the motivation for
the following definition:
Definition 2.3. For a Lie bialgebroid as above, the bundle T ∗ΠA, equipped
with the homological vector field {θ, ·} is called theDrinfel’d double of (A,A∗).
We refer to [9, 10] for the original work on the Drinfel’d double in
this context. The essential ingredient for the homological vector field is the
function θ in (2.4).
2.2. C-bracket in terms of Poisson brackets
Let M be a Poisson manifold. Then the standard example of a Lie bialge-
broid is (A,A∗) = (TM, T ∗M). The respective brackets are the Lie bracket
and Koszul bracket2, giving rise to the de Rham and Poisson-Lichnerowicz
2The Koszul bracket of forms ω1, ω2 ∈ Γ(T ∗M) is given by
[ω1, ω2]K = Lπ♯(ω1)ω2 − ιπ♯(ω2)dω1 ,
where L is the Lie derivative and pi♯ is the anchor determined by the Poisson structure.
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differential, respectively. We use their lifts to functions on the Drinfel’d dou-
ble to define two sets of momentum variables pi, p˜
i:
hdA = a
j
i (x)x
∗
j ξ
i − 12f
k
ij(x)ξ
iξjξ∗k =: ξ
ipi ,
hdA∗ = a
ij(x)x∗i ξ
∗
j +
1
2Q
ij
k (x)ξ
kξ∗i ξ
∗
j =: ξ
∗
i p˜
i ,
(2.5)
where we denote the anchor maps by aji and a
ij , and f and Q are determined
by the brackets on A and A∗, respectively3. We consider the momenta pi and
p˜i to act on functions on T ∗ΠA by using the Poisson bracket, e.g. {pi, ·}. In
particular, lifting functions φ ∈ C∞(M) to T ∗ΠA (we use the same letter φ
for the lift), we define the following two differential operators:
∂iφ := {pi, φ} , ∂˜
iφ := {p˜i, φ} . (2.6)
Lifting furthermore generalized vectors to T ∗ΠA, i.e. if locallyX i∂i+ωidx
i ∈
Γ(TM ⊕ T ∗M), we define V := X iξ∗i + ωiξ
i ∈ T ∗ΠA, we are able to show
the following result by rewriting the proof done in [7] for Courant brackets,
but using ∂i and ∂˜
i here:
Theorem 2.4. For vanishing f and Q, let V,W be lifts of generalized vectors
to T ∗ΠA. Furthermore, define the Dorfmann-product ◦ by
V ◦W :=
{
{ξipi + ξ
∗
i p˜
i, V },W
}
. (2.7)
Then the C-bracket of V,W (lifted to T ∗ΠA) is given by
[V,W ]C =
1
2
(
V ◦W −W ◦ V
)
. (2.8)
The proof is an easy evaluation in local coordinates of T ∗ΠA, and com-
parison with (1.5), see [11]. The generalization for non-vanishing f and Q
would give a version of the C-bracket containing “fluxes”, which, as far as we
know, has not been done so far in the physics literature. As a final remark
for this subsection, we observe that the bilinear form 〈V,W 〉 is given by eval-
uating the Poisson bracket {V,W} of the lifted quantities to T ∗ΠA. These
observations will be used in the following sections to suggest a way to un-
derstand the deformations (1.6) and (1.8) of the bilinear form and C-bracket
encountered in DFT.
3. Deformation of the metric and C-bracket
The result of theorem 2.4 immediately suggests the interpretation of α′-
corrections such as (1.6) and (1.8) in terms of deformation theory. Given
3The notation f and Q is common in the physics literature, where these objects play a
role in flux compactifications of string theory.
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a formal star product on the algebra of smooth functions on a Poisson man-
ifold4, the star-commutator reproduces the Poisson bracket in the first non-
trivial order:
{f, g} = lim
t→∞
1
t
(
f ⋆ g − g ⋆ f
)
. (3.1)
Thus, higher orders lead to deformations of the Poisson bracket and as a
consequence of theorem 2.4 of the metric and C-bracket. In the following,
we will define an appropriate notion of star-commutator taking into account
the Koszul signs on the graded manifold T ∗ΠA. Furthermore, we will give a
(constant) Poisson structure on T ∗ΠA such that the corrections of DFT are
reproduced by taking star-commutators w.r.t. the corresponding Moyal-Weyl
product.
3.1. Star-commutator and Poisson structure
For the Moyal-Weyl case, let I = i1 · · · ik, J = j1 · · · jk, with ∂I = ∂xi1 · · · ∂xik ,
then the star commutator for purely even manifolds has the standard form
{f, g}∗ =
∞∑
k=1
tk
(∑
IJ
mIJk (∂If∂Jg − ∂Ig∂Jf)
)
. (3.2)
In the case of the symplectic supermanifold T ∗ΠA, we will replace this by
the following expression:
{f, g}∗ =
∞∑
k=1
tk
(∑
IJ
(∂If∂Jg − (−1)
ǫ∂Ig∂Jf)
)
. (3.3)
The sign (−1)ǫ takes care of the Z2-grading and is given by
ǫ = |f ||g|+ |xJ |(|f | − 1) + |xI |(|g| − 1) , (3.4)
where |f | denotes the Z2-degree of a function and the shorthand notation
|xI | := |xi1 | + · · · + |xik | is used. We remark that in contrast to the Moyal-
Weyl case where the odd powers of the deformation don’t contribute due to
the antisymmetry of the Poisson tensor, in the graded case there are such
contributions due to the different sign rule. In our case this will open the
possibility to get the appropriate α′-correction.
Finally, we have to choose a Poisson structure on T ∗ΠA which correctly
reproduces both, the correction to the bilinear form 〈·, ·〉 and the C-bracket.
Furthermore, the corresponding Poisson brackets, i.e. the first order star com-
mutators still have to give the result of theorem 2.4. It turns out that this is
indeed possible. To avoid long calculations we choose a setup which is as sim-
ple as possible, but still shows the essential features. Let M be a symplectic
manifold with Poisson tensor π. In this case (TM, T ∗M) is a Lie bialgebroid.
In the expressions for the α′-corrections, there are no f – and Q – fluxes.
4More precisely on formal power series in a deformation parameter t, usually denoted by
C∞(M)[[t]]. We refer to [12, 13, 14, 15] for recent applications of deformation theory in
closed string theory and to [16, 17, 18] for star products on graded manifolds.
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We can achieve the latter by taking the standard basis of vector fields on the
tangent bundle. As a consequence, we get
hdA = ξ
mx∗m , L
∗hdA∗ = ξ
∗
mπ
mnx∗n . (3.5)
This is a special solution to the strong constraint of double field theory, with
∂˜if = {p˜i, f} = πij∂jf . We choose the following Poisson structure on the
Drinfel’d double:
πT∗ΠA =
∂
∂x∗i
∧
∂
∂xi
+
∂
∂ξ∗i
∧
∂
∂ξi
+
∂
∂xi
∧
∂
∂ξ∗i
− πij
∂
∂xi
∧
∂
∂ξj
. (3.6)
We will give our results for the deformation for this situation. In the general
case, we have a differential operator ∂˜i = {pi, ·}, whose action on functions
depends on the chosen Lie bialgebroid. If it is possible to associate a vector
field ∂
∂x˜i
to this operator, the corresponding Poisson structure would be
πT∗ΠA =
∂
∂x∗i
∧
∂
∂xi
+
∂
∂ξ∗i
∧
∂
∂ξi
+
∂
∂xi
∧
∂
∂ξ∗i
+
∂
∂x˜i
∧
∂
∂ξi
. (3.7)
We will leave the investigation of existence and properties of such a Poisson
structure and its relation to double field theory for future work and give our
deformation results for the Poisson tensor (3.6) in the following.
3.2. Deformation of the metric
Due to the various terms of the graded Poisson structure (3.6), computing
higher orders of the graded Moyal–Weyl product is lengthy, but straight for-
ward. We therefore refer the reader to [19] for computational details and only
give the results. We will use the notation ∂˜i for {pi, ·}. Furthermore, we use
the following notation for star – commutators:
{f, g} =
∞∑
k=1
tk{f, g}(k) . (3.8)
Taking V = V m(x)ξ∗m+Vm(x)ξ
m and W = Wm(x)ξ∗m+Wm(x)ξ
m to be lifts
of generalized vectors to T ∗ΠA, we get the following results for the first two
orders in the deformation parameter:
{V,W}(1) = (V
iWi + ViW
i) = 〈V,W 〉 ,
{V,W}(2) = −∂iV
j∂jW
i − ∂iVj ∂˜
jW i − ∂˜iV j∂jWi − ∂˜
iVj ∂˜
jWi .
(3.9)
Comparing the latter expressions with the formulas from DFT (1.6), we get
the following statement:
Theorem 3.1. Let V = V iξ∗i +Viξ
i and W = W iξ∗i +Wiξ
i be two generalized
vectors, lifted to T ∗ΠA. Then we have
1
t
{V,W}∗ = 〈V,W 〉 − t〈〈V,W 〉〉 +O(t2) , (3.10)
i.e. the graded star–commutator gives the deformation of the inner product
〈·, ·〉 up to second order.
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For convenience of notation, we always denote the generalized vectors
V,W and their lifts to T ∗ΠA by the same letters. It is clear from the context
which objects are used.
3.3. Deformation of the C-bracket
Using theorem 2.4, we are now able to compute corrections to the C-bracket.
First, it is easy to see that the Poisson structure (3.6) together with the sign
rule given in (3.3) correctly reproduce the Dorfmann product ◦:
V ◦W =
{
{θ, V }(1),W
}
(1)
. (3.11)
To see which Poisson brackets contribute to the first non-trivial corrections
to V ◦W , we expand the double Poisson bracket up to order t4:{
{θ, V },W
}
∗
= t2 V ◦W + t3
{
{θ, V }(2),W
}
(1)
+t3
{
{θ, V }(1),W
}
(2)
+O(t4) .
(3.12)
A short calculation shows the vanishing of {θ, V }(2) for the chosen setup (π
constant) and we have
{θ, V }(1) = ξ
mξn∂mVn + ξ
∗
kξ
mπkn∂nVm + ξ
∗
kξ
∗
mπ
kn∂nV
m
+ Vnπ
nmx∗m + x
∗
nV
n .
Inserting this expression into
{
{θ, V }(1),W
}
(2)
gives exactly the contribution
which was encountered for this setup in DFT, see equation (1.8). Thus we
state the following result:
Theorem 3.2. Let V = V iξ∗i +Viξ
i and W = W iξ∗i +Wiξ
i be two generalized
vectors lifted to T ∗ΠA, then we have
1
2t2
({
{θ, V }∗,W
}
∗
−
{
{θ,W}∗, V
}
∗
)
= [V,W ]C + t[[V,W ]]C +O(t
2) ,
(3.13)
i.e. the two-fold star commutator coincides with the α′-corrected C-bracket of
DFT up to second order in the deformation parameter t = α′.
The proof is a straight forward but lengthy evaluation in local coordi-
nates. We refer the reader to the original article [19] for details, especially
concerning the Koszul signs. To sum up, in the framework chosen above, it
is possible to explain α′-corrections to the bilinear pairing and C-bracket en-
countered in string theory via a star commutator with respect to a graded
version of the Moyal-Weyl product.
4. Outlook: B-, β- transformations and the Atiyah algebra
In the final section we want to give additional evidence for the relevance of the
introduced mathematical framework in physics, especially to the structures
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arising in DFT. First we recall that a B-transform of a generalized vector
(X,ω) is defined by
(X,ω) 7→ (X,ω + ιXB) , B ∈ Γ(∧
2T ∗M) . (4.1)
Furthermore, a β-transform is given in an analogous way by
(X,ω) 7→ (X + ιωβ, ω) , β ∈ Γ(∧
2TM) . (4.2)
Finally a linear transformation is given by the following definition
(X,ω) 7→ (X + C(X), ω + C−t(ω)) , C ∈ Γ(TM ⊗ T ∗M) , (4.3)
where A−t means the inverse transpose of the invertible matrix C. The idea
to lift these transformations to T ∗ΠA lies at hand, thus introducing the lifts
B = 12Bijξ
iξj , β = 12β
ijξ∗i ξ
∗
j , C = C
j
i ξ
∗
j ξ
i , (4.4)
it is a straight forward exercise to show that the action of B-,β- and linear
transformations on the lift Σ = X iξ∗i + ωiξ
i of a generalized vector (X,ω) is
given by
Σ 7→ Σ+ {Σ, B} , Σ 7→ Σ + {Σ, β}
Σ 7→ Σ+ {Σ, C} .
(4.5)
Comparing with [20], we see that the transformations (4.5) are the lifts to
T ∗ΠA of the generators of the Atiyah algebra of infinitesimal bundle transfor-
mations of A⊕A∗, preserving the bilinear form η. With this very convenient
rewriting of the transformations used frequently in the generalized geometry
applications to string theory, an immediate open question is about the defor-
mation of these transformations. The tools established in this work will be
helpful to investigate this further. In addition to that, the inclusion of fluxes
as “fibre translations” in the sense of [20] could be performed conveniently
as suggested in [19].
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